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On a Point in the Theory of Vulgar Fractions, 

By J. J. Sylvester. 



The reciprocal of an integer I call a simple fraction; any other fraction, 
whether rational or irrational, may be termed complex ; but it is to be under- 
stood that only proper fractional quantities of either sort, i. e. fractions greater 
than zero and less than unity, will be considered in what follows. 

Suppose Q to represent any fractional quantity ; if Q lies between ? and 

— , we may make Q = + g 4- Q', where 8 is zero or a positive integer, and Q 

will continue a proper fraction, which in like manner may be resolved into 

u ,g + Q", and so on continually. 

But if we make S « S a , . . . . each zero, the process of expansion becomes 
determinate. Any such determinate representation of a fractional quantity I 
shall term a sorites. It is obvious that in expanding a given fraction under the 
form of a sorites, the successive denominators, which I shall call the elements, 
may be obtained by a process of division; if the fraction to be expanded is 
rational, the real divisor will be an integer which continually decreases,* and 
consequently every complex rational fraction can be expanded (and only in 
one way) under the form of a finite sorites. 

The elements of a sorites are analogous to the partial quotients of a regular 
continued fraction ; but there is this difference between the two cases, that 
whilst the latter quantities are perfectly arbitrary, the elements in question are 
subject to a certain law which I shall proceed *o examine. 

Let n, p, q, . . . . r, s, . . . . t, u be the elements of a sorites. It is clear that 
the last remainder being the reciprocal of ~ t + -, we must have ~ t + - < jzrj> 
that is to say, u greater than f — t, i. e. u is equal to or greater than t 2 — t + 1. 
Again, if we look to the residue which gives birth to the element r, that 

must be of the form j^r^> where e is some fraction, and we must now have 

* See examples of development of sorites, page 335. 
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~ + JZT\ < r — l> or s — e equal to or greater than r 2 — r. Hence s is equal to 
or greater than r 2 — r + 1, so that the relation between any two contiguous 
elements is the same, whether they are or are not the final two; and if 
u x , ti x + i be any two consecutive integers in a series, the one necessary and 
sufficient condition for the possibility of the existence of the sorites, of which 
those terms shall be elements, is that we must have for all values of x, u x + 1 
equal to or greater than u x — u x + 1. 

If u x + 1 is throughout equal to u x — u x + 1, we obtain a series which may 
be termed a limiting sorites. 

It is obvious that any simple fraction _ ^ may be expanded under the 

form of an infinite sorites, of which the elements are u , u x , u 2 . . . . subject 
to the above relation. An infinite sorites read in the limiting case is therefore 
expressible under the form of a finite fraction, and the same will be true for a 

sorites in which the right-hand branch beginning from any term u t , namely, 

1.1,1 „ . 

— + h - — . . . ., forms a limiting sorites. 

But in every other case of a sorites the sum cannot be a finite fraction ; 
for such fraction can be expanded in only one way under the form of a sorites, 
and such sorites is necessarily finite in the number of its terms. 

Hence it is impossible that the sum of the reciprocals of an ascending series 
of positive integers, such that the square root of the difference between any one 
of them and its immediate antecedent is greater than the difference between 
that antecedent and unity, can represent a rational quantity ; for if so, we have 
Ux + i~ i*>x greater than (u x _ 1 — If, i. e. u x + 1 > u x — u x + 1, and the series 
will form a sorites not belonging to the limiting class. 

I proceed to examine some of the properties of the series of terms defined 
by the condition u x + x = u x — u x + 1. 

In the first place, I observe that any term u x + 1 may be expressed under 
the form Pu x + 1 : for suppose this to be true for one value of i ; then, since 
n xJriJr i — 1 = u x + i (u x + i -~ 1), it is obviously true for the next above; here 
the proposition, being true when i is unity, is true universally. 

It follows from this that each element of a limiting sorites is prime to all 
that follow it, and consequently any two terms of the sorites are prime to one 
another. 

Again, for greater simplicity, let v , v t , v 2 , . • ■ ■ be used to represent (u — 1), 
(u x — 1), («a — 1), . . . .; we have, then, 

«i — «o = «o 2 , «2 — »i = «i 2 , v 3 — v 2 = v 2 2 , . . . . 
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Hence v 2 — v , v 3 — v , . . . . v x — v (as is obvious from successive addition of 
the above equations) will each of them be of the form Pv*, where P is a rational 
integral function of v , and v x will be of the form Pv<? + v . This conclusion 
leads to a representation of the sum of any given number of terms of a limiting 
sorites by a fraction in its lowest terms. For 

1_ 1 Vx + \ — Vx J_ Vx Vx 1 1_ 

v~ x v x+1 ~ v x v x + 1 ~ v x v x+1 ~ v x + vj ~ V x + 1 ~ U x ' 

Hence 

1| ii _j 1 __ 1 1 _ v x+1 — v __ (v x + l — v a ) -fV 

«0 «1 Ma: V V x + 1 V V X + 1 V X + 1 S-V 

P 

which is of the form j> v > -± and is consequently a fraction in its lowest terms. 

Again, if we denote the product of the elements u , u x , u 2 , . . . . , u x by Ti.u x 

and the sum of their (x — l)-ary combinations by TVu x , -~ will also be the 

same fraction in its lowest terms, because (as has been shown) all the elements 
of the sorites are prime to one another. 
Hence we may deduce the equations 

u x+ i = u + (u — l) 2 U'u x , 

% + i = 1 + («q — 1) Riix- 

The second of these serves to give an inferior limit to the rate of convergence 
of any sorites. For in the limiting case we have 

U X > (m 2 — «b), 

«2 > (U — 1) U^Ui > (u 2 — U f, 

u 3 > (u — 1) u u{ii2 > (w 2 — u o y, 

and so in general u x > (u 2 — m ) 2 , because the solution of the equation 
&i = 0i~i + #i~2 + • • • • + 8o is Qi = 2 i ~ 1 o . In any other sorites in which the 
initial element remains u , the value of the element at ^-places distant must be 
a fortiori greater than the value (u 2 — u f last obtained for the limiting 
case. 

The preceding matter was suggested to me by the chapter in Cantor's 
GeschicMe der Mathematik which gives an account of the singular method in use 
among the ancient Egyptians for working with fractions. It was their curious 
custom to resolve every fraction into a sum of simple fractions according to a 
certain traditional method, not leading, I need hardly say, except in a few of the 
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simplest cases, to the expansion tinder the special form to which I have, in what 
precedes, given the name of a fractional sorites. 

I subjoin examples of development of a rational fraction under the form of a 

sorites. 

4699 
Let jooq he the fraction to be expanded. The work may be arranged as 

follows : — 



(2) 


(8) 


(60) 


(3660) 


4699 
7320 
9398 


2078 
14640 
16624 


1984 
117120 
119040 


1920 
7027200 
7027200 



(2) is the number one unit greater than E 1 ^.; 9398 is 2 X 4699; 2078 is 

9398 - 7320; 14640 is 2 X 7320. 46 " 

One element (2) is now determined, and the fraction remains to be 

. . v ' 14640 

expanded. 

(8) is the number one unit greater than E 1 ^ ; 16624 is 8 X 2078; 1984 

is 16624 - 14640 ; 117120 is 8 X 14640. 



2078 



A second element (8) is now found, and remains over to be expanded. 

. 117120 v 

Proceeding in this manner, and with numerators 4699, 2078, 1984, 1920, 

necessarily diminishing at each step, we come at last to the element 3660 with 

a remainder zero. The required sorites is therefore 

9. ^ s + «n T" 



8 ^60 ^ 3660* 



335 



As a second example take the fraction ggg. 

The work may be arranged in a similar manner to that of the foregoing 
example, and will be as follows : — 



2 


3 


7 


48 


335 
336 
670 


334 

672 

1002 


330 
2016 
2310 


294 
14112 
14112 



and accordingly it will be found that 



335 
336 



+ 5 + 7 + 



48- 



